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Abstract
In the present article, we prove the generalized Hermite-Hadamard (H-H) like inequalities for (m,, m,)—convex (conv.) via Holder
& Power-mean inequalities and implementations for theory of probability (prob.) & numerical integration are deduced. Some
consequences of several published articles would be captured as especial cases. Moreover, we deduce few especial cases of
(my, m,)—conv. function (func.).

Keywords: Convex func., H-H inequality (inequal.), Power-mean inequal., Holder inequal., Numerical integration, Prob. density func.

*Email: faraz.mehmood@duet.edu.pk

License Type: CC-BY
This article is open access and licensed under a Creative Commons Attribution 4.0 International License. Published
bi-annually by © Sindh Madressatul Islam University (SMIU) Karachi.

1. INTRODUCTION

We must generalize the idea of convex functions to generalize Ostrowski's inequality. In this way, we may quickly identify
the generalizations and specific instances of the inequal. We recollect several definitions from literature [2,3,6,7] for variety
of convex functions.

Definition 1.1. A func. g : K € (—00, 0) — (—00, 00) is known as conv., if
gv+(1-9)w)<I glvr)+(1 —9g(w), (1.1)

vVw,v €K,9€0,l1].
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We remind term of M—conv. func. (see [4]).

Definition 1.2. Let M € [0,1]. A func. g: K € [0, 00)— (—00, o) is known as M—conv., if
gOv+MA-9)w)<Igw)+M(1—-Ig(w),

Vuw,v €K,9€e0,l1].

Remark 1.4. The terms of standard conv. func. & star-shaped func. are obtained if choose M =1, M =0 in the above

inequality respectively.

We remind term of (my, m,)—conv. func. (see [4]).
Definition 1.3. Let (m;, m,) € (0,1]2. A func. g : K € [0, 00)— (—00, o) is known as (m,, m,)—conv., if
gm9 v +my (1 -9) w) <my9 g(v)+ m, (1 - g(w), (1.2)

Vuw,v €K,9€e0,l1].

In practically all scientific fields, inequalities have a major impact. Our primary target is on H-H like inequalities, despite
the discipline’s enormous scope.

The convexity theory is closely connected to inequality’s theory. Many well-known Inequalities in literature consequence
directly from applying conv. functions. The H-H equation is a notable equation for conv. funct. that has been thoroughly
researched in recent decades. It is discovered independently by Hadamard & Hermite, and it is stated as follows: Any func.

g:K C (—o0,00) — (—00,00) be conv., m, ¥ € K with m > £, If & only if

9 (%) < = [ g(w)do < L0 (13)
this is known as H-H inequal. Equation (1.3) has become a crucial pillar in the area of prob. & optimization. Additionally,
numerous researchers have refined or generalized equation (1.3) for conv., s- conv., quasi- conv., & various other varieties
of functions.

In [1], the following consequence had derived by Agarwal & Dragomir, which includes the H-H like integral inequal.

Proposition 1.4. Let g : KO € (—00,0) — (—0o0, ) be differentiable mapping (diff. map.) in the Interior Ko of K, here

m, ¥ € Ko along m > £. If |g’| is conv. in interval [£, m1]. Then the below equation holds

gO+gm) _ 1 m (m=0)(1g (DI +1gr(m)D)
9O _ [ g(u)du| < : (1.4)

For additional recent consequences on H-H like inequalities involving various classes of conv. functions, refer to [5,8,9].

Kavurmaci et al. [5] established few novel inequalities of H-H like for conv. functions & implementations by utilizing
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Holder inequal. and Power-mean inequal.

The primary goal of the article is to generalize few H-H like inequalities to (m,, m,)—conv. func. by employing the Holder
& Powermean inequalities. The implementations also encompass areas such as prob. & numerical integration. We will

capture some findings of various articles [1,5] and also examine especial cases of (m,, m,)—conv. func.

2. GENERALIZED HERMITE-HADAMARD LIKE INEQUALITIES FOR (my, m;)—~CONVEX
FUNCTION
Regarding proof of our primary findings, below Lemma (see [5]) is required.

Lemma 2.1. Suppose g : K € (—00,00) — (—00,0) is diff. map. in interval KO € (=00, ) here m;, mym ,m,£ € K

along my,m >m,¥, if g’ € L[m,€,m,m], then

2Mm —my 2 1 — myt 2t 1 e
(mym = myw)g(mym) + (my = myf)g(mat) o g

m—4L Myt

= el (41— 9) ' (my 90 + my(1 — 9)£)d0 + T2 (11— 9)g'(my 0o + my (1 — 9)m)do.

m—=L

Proof. We obtain the desired consequence by employing likewise techniques of proof of Lemma 1 of [5].
Remark 2.1. We recapture Lemma 1 of [5] if choose m,, m, = 1.
The below consequences may be derived by employing lemma 2.1

Theorem 2.2. Suppose g : K € (—0,00) — (—00,00) is diff. map. in interval KO c (—o0, ) € g'e L[m,¥€,m,m], here

my, mym ,m,¥ € K along m,m >m,%, if |g’| is (m,, m,)—conv. on [m,€,m,m], then

gw)du

(mym — myv) g(mym) + (myv — my)g(m,t) 1 mem
m—4 m—4

myt

< (myv—my#)? [mllg'(v)l+2mz Ig'(t’)l] +(mzm—mlv)2 [mllg'(v)|+27nz|g'(m)l]

m—+L 6 m—L 6
For every ge[m,¢, m,m]

Proof. Utilizing lemma 2.1 & taking Modulus, then

(mym — myv) g(mym) + (myv — my)g(m,t) 1 fmzm
m—4 m—4L

gw)du

mzf

— 2 _ 2
< T (11— 9)|g' (my Do + my(1 = 9)&)|dd + X (L1 — 9)| g/ (my S0 + my(1 — 9)m)|dd

m—=L

|g’ | is (my, my)—conv., then

gw)du

(mym — myv) g(mym) + (myv — my)g(m,t) 1 jmzm
m—4 {

mzf
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< oD (14— 9)[my9lg' (0)] +my(1 — 9)lg'(£)]] o
4 02 (403 g) [m,01g' ()] + my(1 — 8)]g’ ()19

_ (miv-my0)? [m1|g'(v)|+ZMz|g'(€)|] +(Tﬂzm—m10)2 [mllg'(6)|+2mZ|g'(4%)l

m—L 6 m—L 6

thus completing the proof.

Remark 2.3. The above result is also obtained for term of star-shaped func. if choose m;= 1, m,=0 in Theorem 2.2.

Remark 2.4. We attain the Theorem 4 of [5] If choose m,, m, = 1 in Theorem 2.2.

myf+mym

Corollary 2.5. In Theorem 2.2, choosing v = —, — weget
(2mym—mqimyf—mimym)g(mym)+(mymyf+mymym—2my€)g(my ) 1 mypm
2(m—#) T m—t fmzt’ g(u)du| =

(mymyf+ —2my0)2 |m p(W)
1Mz t+mymym—2m; 1 2

m—=L 24 m—~L

mpf+mom
[+2male @] | @mpm—mymae-mymym? [m1|gr(%)|+zmz|gf(m)|
24

Remark 2.6. Few Remarks regarding Corollary 2.5 are below as especial cases.

By utilizing the convexity property of |g’| in Corollary 2.5, we get established equation (1.4) (capture theorem 2.2 of article
[1D.

The above result is also obtained for term of star-shaped func. if choose m;= 1, m,=0 in Corollary 2.5.

Remark 2.7. We capture the Corollary 2 of article [5] If choose m,, m, =1 in Corollary 2.5.

Theorem 2.8. Suppose g : K € (—00,0) — (—o0,0) is diff. map. in KO c (—o0, ) € g'e L[m,¥f,m,m], here m,,

_r_
mym , myf € K along mym > m,?. If |g'|P-t is (my, m,)—conv. in the interval [m,€,m,m] & for some fixed 1 < q.

Then

(mym — myv)g(mym) + (v —myd)g(myt) 1 IMzm oy
m—{ glwau

m—+4

myt

S( 1 )%(1)% (myv — myt)?

1L (mym — myv)?
p+1 m—4 m

1 1
(malg' ()7 +malg' ()7 + 5 (ulg' ()17 + malg'(m)| 1)

2
for every g € [m,£,m,m] and q:ppj.

Proof. Utilizing Lemma 2.1 & (m,, m,)—convexity of |g’| & then implementing the widely recognized Holder inequality,

we get

, —m, 5 + = Zf zf 1 mym
(mym —myv)g(mym) + (myvr —myf)g(m )_m {)f gw)du

m—4

myt
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(myv — myt)? J'l
——== | 1-9)|g'(Mmdv + m,(1 —9)¢#)|dd
0

- m—4L
(mym — m14f)2

p— fo (1 -=9)|g'(mdv + my(1 — 9)m)|dd

(myv — mztp)z

1
| = 9molg @)+ mat - Olg @l a9

4 2 (41— 9) [, 919’ ()] + my (1 — )]’ (m)]]d0

m—~L

(myvr —my£)? [t % 1 , , %
—(f (1—8)%) U (ms81g' ()] + my(1 - O)lg (f)qus]

m—4L

1

(mym — myv)? P

5 1
m— P (j;] 1- ﬁ)pd{)>p [j(; (my9g' ()] + my(1 — 19)|g'(/m)|)qd8]
z

(f (1—8)”d8)p [ml f 89’ ()1%d0 + m, f (1—a)|g'(f)|ws]
0 0 0

(myv — myt)?
m—4

1

(f (1- 8)pd8>p [mlf g’ (v)]9d9 + mzf (1- S)Ig’(m)lqdﬂ]p
0 0 0

(mym — m1’l’)2
m—4

1

1\ /1y — m,?)? 1 - myv)? 1
<51 G [% (malg @)1 + malg @17 + T g )1 4+ g (o) 197

Remark 2.9. The above result is also obtained for term of star-shaped func. if choose m;= 1, m,=0 in Theorem 2.8.

Remark 2.10. We attain the Theorem 5 of [5] If choose m;, m, = 1 in Theorem 2.8.

myf+mom

Corollary 2.11. In Theorem 2.8, choosing v = we get
1 1
(@mam-—mymat—mymym)g(mam)+(mymat+mymym—2myl)g(mae) 1 cmoym | < (L)E (1)5 1
2(m—#) et fmz# gdu| < 1) &) i (mymy€ +
1
myf+mym

mymym — 2my£)? (m2|g’(£)|q +my |g’( )|q)3 + 2mym — mymy€ — mymym)? (m2|9'(’m)|q +

2

1

, (mat+mam\|9\qa
M |g ( 2 )| )

Remark 2.12. The above result is also obtained for term of star-shaped func. if choose m;= 1, m,=0 in Corollary 2.11.

Remark 2.13. We capture the Corollary 3 of article [5] If choose m, m, =1 in Corollary 2.11.

Theorem 2.14. Suppose g : K € (—00,00) — (—00,0) is diff. map. on KO € (—o0,0) € g'€ L[m,£,m,m], here m,,
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my,m ,m,¥f € K along mym >m,?.1f |g’|q is (n,, m,)—conv. on [m,¥,m,m] & for some fixed ¢ = 1. Then

(mym — myv)g(mym) + (myv — myt)g(myf) 1 mam
m — 4 T m -2 gwdu
mzf
1 [(mv —my£)? , , 1
< — [T (g ()1 + 2ma g (DI
2(3)4

(mym — myv)?

e (mulg ()] + 2m2|g'(m)|qﬁ]

for every ge [m,®, m,m],q = ﬁ

Proof. Consider 1 <q & Utilizing Lemma 2.1 & implementing the widely recognized power-mean inequality, we get

(mam-myv)g(maym)+(miv—ma)g(mat) 1 fmzm

gw)du

m—L m—L 7 myt

_ 2
< (myvr —myt)

p— J; (1-9)|g'(mdv + my(1 —9)£)|dd

(mym — myvr)?

p— fo (1 =9)|g'(mdv + my(1 —9)m)|dd

1
(myv — my¥)? q

m—4L

(flu - B)d{)) K <J1(1 —9lg' (M dv + my(1 — 19)3)|st)
0 0

1

1 1‘% 1 q
(f 1- B)dﬁ) (J 1-9)\g'(mdv + my(1 — B)m)lqd{))
0 0

(mym — mﬂ’)z
m—4L

» |g” | is (my, m,)—conv. & first we are taking term

f 1 =9)|g'(m v + my(1 — 9)#)|4d9
0

1
< f (1 — 9)[ms81g' ()7 + my (1 — 9)|g'(0)]7] do
0

_ mylg' ()T + 2m,|g'(D)|7
B 6

Analogously,

' mylg' ()| + 2m,|g'(m)|?
0
We obtain the desired result by combining all above inequalities.

Remark 2.15. The above result is also obtained for term of star-shaped func. if choose m;= 1, m,=0 in Theorem 2.14.
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Remark 2.16. We attain the Theorem 7 of article [5] If choose m,, m, =1 in TheOrem 2.14.

myf+mom

Corollary 2.17. In Theorem 2.14, choosing v = . we get
(2mym—mqmyf—mimym)g(mym)+(mimqyf+mimym—2myf)g(myf) _ 1 mom
2(m—%) m—~{ fmzf g(u)du|
q 1
< ————|(mymyt + mymum — 2m, £)? (m1 g (WN + 2m2|g’({’)|q)q

8(3) (m—#)

1

+Q2mym — mymy€f — mym,m)? (m1 |g’ (mzﬂ#)r + 2m2|g’(fm)|q)a )

Remark 2.18. The above result is also obtained for term of star-shaped func. if choose m;= 1, m,=0 in Corollary 2.17.

Remark 2.19. We capture the Corollary 4 of article [5] If choose m,, m, =1 in Corollary 2.17.

3. IMPLEMENTATION TO NUMERICAL INTEGRATION
3.1. The Trapezoidal Formula. Suppose d : m,# =m,00 <m,01 < --- <m,0n = m,m is divisiOn Of interval [m, €, m,m]

& hi=0i+1 —0i, (i=0,1,2,--- ,n — 1) & consider the quadrature formula
" gwydu = Q(g.d) + R(g.d),  (3.1)

where

n-1

Qg.d)= ) ((Mebas = mu)g(mybips) + (myv —m,6,)9(my6,)

for the trapez0idal version & R(g,d) represents the associated approximatiOn error.
Theorem 3.1. With all the suppositions of Theorem 2.2, for every division d of the interval [m, ¥, m,m]. Then in equation

(3.1), the trapezoidal error estimate satisfies:

|R(g, D)
né_l lg' @)l + 2malg' @DI) lg'(v)] + 2my g (8i41)I
mlg (v m ' mqlg' (v m ;
< ) (mwr —m,6;)? [ Y c 29 ] + E (my0;41 — myv)? [ 19 - 219 Wit
i=0 i=0

for every g € [m,€, m,m].
Proof. Utilizing theorem 2.2 on sub-interval [m,0i , m,60i+1] here i=0,1,2 ,..., n — 1 of the division, we get

(My0;41 — myv)g(m;6,41) + (M — my0;)g(m,6;) _ i m20i+1
I, I,

1Jm,0;

gw)du

< (myv-my0;)? [mllg/(v)|+2m2|gl(6i)|] i (m0i41-myv)? mllgl(v)|+2m2|gr(9i+1)|]
- h; 6 h; 6

Now we take summation over i in equation (3.1) from 0 to n — 1, then
- 6;
| 72" g(wdu — Q(g, d)|=|Sid [ g du = ((my0:11 — My ) g (M26141) + (myvr — 309 (ma6,)) |
18
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- 6;
<3 |f,;nzzgi T gdu — ((my8;1 — myv)g(m;0;44) + (Mg — ngi)g(ngi))|

n-1 n-1
mq|g' ()| + 2m,|g’ (6; mq|g' ()| + 2m,|g’ (6;
sme—mzeaZ[ g/ )1+ 2mly 1)|]+ (ngm_mlv)z[ 5 1+ 2l @)
i=0 i=0

which completes the proof.
Remark 3.2. We can also derive above similar findings for Theorem 2.14, Corollary 2.17, Corollary 2.11, Theorem 2.8 &
Corollary 2.5.

Remark 3.3. Entire Remarks of 2nd section are also holds for Remark 3.2 & Theorem 3.1.

4. IMPLEMENTATION TO PROBABILITY THEORY

Suppose R is a random variable taking values in the finite [m,#, m,m] with the prob. density func. g : [m,€, m,m] —
[0,1] & the cumulative distribution func. G(v) = P(R < v) = [ 2" g(u)du.

myt
Theorem 4.1. With all the assumptions 0f Theorem 2.2, then

(mym — myv)G(mym) + (myvr — myf)G(m,f) _mym — EM)
m—4 m—4

< (myv—my8)? [m1|§'(4f)|+2mz|§'(i’)|] Jr(mzm-mw)2 [m1|§'(4f)|+2mz|§'(m)|
- 6 6

“4.1D

m—~L m—L

for every g € [m, £, mym]. Here E(R) is the expectation of R .

Proof. Choose g = G, we attain (4.1), by implementing the below identity in Theorem 2.2.

ER) = frzlzzfm uG(W)du = mym — f;’;mg(u)du.

v G (Mmyf) =0 & G (mym) = 1.

Remark 4.3. Entire Remarks of 2nd section are also hold for Remark 4.2 & Theorem 4.1.

5. CONCLUSION

In the current article, the famous H-H like inequalities for (m,, m,)—conv. func. are obtained by implementing the widely
recognized power-mean & Holder’s inequalities & implementations for theory of prob. & numerical integration are also
deduced. We have captured various findings of several published articles [1,5] & also deduced few especial cases of
(my, m,)—conv. func.
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   |    (   m 2 𝓂 −   m 1 𝓋 ) g  (   m 2 𝓂 ) +  (   m 1 𝓋 −   m 2 ℓ ) g (   m 2 ℓ )  𝓂 − ℓ −  1  𝓂 − ℓ   ∫    m 2 ℓ    m 2 𝓂  g  ( u ) d u |


  ≤     (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ   ∫ 0 1   ( 1 − ϑ )  | g ′  (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) ℓ ) | d ϑ +     (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ   ∫ 0 1  ( 1 − ϑ )  | g ′  (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) 𝓂 ) | d ϑ


  ∵


  (   m 1 ,   m 2 )


   |    (   m 2 𝓂 −   m 1 𝓋 ) g  (   m 2 𝓂 ) +  (   m 1 𝓋 −   m 2 ℓ ) g (   m 2 ℓ )  𝓂 − ℓ −  1  𝓂 − ℓ   ∫    m 2 ℓ    m 2 𝓂  g  ( u ) d u |


  ≤     (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ   ∫ 0 1   ( 1 − ϑ )  [   m 1 ϑ  | g ′  ( 𝓋 ) | +   m 2  ( 1 − ϑ )  | g ′  ( ℓ ) | ] d ϑ


  +     (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ   ∫ 0 1   ( 1 − ϑ )  [   m 1 ϑ  | g ′  ( 𝓋 ) | +   m 2  ( 1 − ϑ )  | g ′  ( 𝓂 ) | ] d ϑ


  =      (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ  [     m 1  | g ′  ( 𝓋 ) | + 2   m 2  | g ′  ( ℓ ) | 6 ]


       (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ  [     m 1  | g ′  ( 𝓋 ) | + 2   m 2  | g ′  ( 𝓂 ) | 6 ]


    m 1


    m 2


    m 1 ,


    m 2


  𝓋 =     m 2 ℓ +   m 2 𝓂 2


   | |


       ( 2   m 2 𝓂 −   m 1   m 2 ℓ −   m 1   m 2 𝓂 ) 2  𝓂 − ℓ  [     m 1  | g ′  (     m 2 ℓ +   m 2 𝓂 2 ) | + 2   m 2  | g ′  ( 𝓂 ) | 24 ]


    m 1


    m 2


    m 1 ,


    m 2


  ( − ∞ , ∞ )


  ( − ∞ , ∞ )


  ( − ∞ , ∞ )   𝜀     g ′ 𝜖   L [   m 2 ℓ


    m 2 𝓂 ]


    m 1 ,


    m 2 𝓂  


      m 2 ℓ


    m 2 𝓂


    m 2 ℓ


     | g ′ |    p  p − 1


  (   m 1 ,   m 2 )


    m 2 ℓ


    m 2 𝓂


   |    (   m 2 𝓂 −   m 1 𝓋 ) g  (   m 2 𝓂 ) +  (   m 1 𝓋 −   m 2 ℓ ) g (   m 2 ℓ )  𝓂 − ℓ −  1  𝓂 − ℓ   ∫    m 2 ℓ    m 2 𝓂  g  ( u ) d u |


  ≤    (  1  p + 1 )   1  p    (  1 2 )   1  q  [      (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ    (     m 1  | g ′ ( 𝓋 ) |  q +   m 2    | g ′ ( ℓ ) |  q )   1  q +      (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ    (     m 1  | g ′ ( 𝓋 ) |  q +   m 2    | g ′ ( 𝓂 ) |  q )   1  q ]


  ≤    (  1  p + 1 )   1  p    (  1 2 )   1  q  [      (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ    (     m 1  | g ′ ( 𝓋 ) |  q +   m 2    | g ′ ( ℓ ) |  q )   1  q +      (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ    (     m 1  | g ′ ( 𝓋 ) |  q +   m 2    | g ′ ( 𝓂 ) |  q )   1  q ]


    m 2 ℓ


    m 2 𝓂


    p  p − 1


  (   m 1 ,   m 2 )


   o ¨


   |    (   m 2 𝓂 −   m 1 𝓋 ) g  (   m 2 𝓂 ) +  (   m 1 𝓋 −   m 2 ℓ ) g (   m 2 ℓ )  𝓂 − ℓ −  1  𝓂 − ℓ   ∫    m 2 ℓ    m 2 𝓂  g  ( u ) d u |


  ≤     (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ   ∫ 0 1   ( 1 − ϑ )  | g ′ (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) ℓ ) | d ϑ +     (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ   ∫ 0 1  ( 1 − ϑ )  | g ′  (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) 𝓂 ) | d ϑ


  ≤     (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ   ∫ 0 1   ( 1 − ϑ )  [   m 1 ϑ  | g ′  ( 𝓋 ) | +   m 2  ( 1 − ϑ )  | g ′  ( ℓ ) | ] d ϑ


  ≤     (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ   ∫ 0 1   ( 1 − ϑ )  [   m 1 ϑ  | g ′  ( 𝓋 ) | +   m 2  ( 1 − ϑ )  | g ′  ( ℓ ) | ] d ϑ


  +     (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ   ∫ 0 1   ( 1 − ϑ )  [   m 1 ϑ  | g ′  ( 𝓋 ) | +   m 2  ( 1 − ϑ )  | g ′  ( 𝓂 ) | ] d ϑ


  ≤     (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ    (   ∫ 0 1     ( 1 − ϑ )  p d ϑ )   1  p    [   ∫ 0 1     (   m 1 ϑ  | g ′  ( 𝓋 ) | +   m 2  ( 1 − ϑ )  | g ′  ( ℓ ) | )  q d ϑ ]   1  p    


  +     (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ    (   ∫ 0 1     ( 1 − ϑ )  p d ϑ )   1  p    [   ∫ 0 1     (   m 1 ϑ  | g ′  ( 𝓋 ) | +   m 2  ( 1 − ϑ )  | g ′  ( 𝓂 ) | )  q d ϑ ]   1  p


  +     (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ    (   ∫ 0 1     ( 1 − ϑ )  p d ϑ )   1  p    [   ∫ 0 1     (   m 1 ϑ  | g ′  ( 𝓋 ) | +   m 2  ( 1 − ϑ )  | g ′  ( 𝓂 ) | )  q d ϑ ]   1  p


    


    


  +     (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ    (   ∫ 0 1     ( 1 − ϑ )  p d ϑ )   1  p    [   m 1   ∫ 0 1  ϑ    | g ′ ( 𝓋 ) |  q d ϑ +   m 2   ∫ 0 1   ( 1 − ϑ )    | g ′ ( 𝓂 ) |  q d ϑ ]   1  p


  +     (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ    (   ∫ 0 1     ( 1 − ϑ )  p d ϑ )   1  p    [   m 1   ∫ 0 1  ϑ    | g ′ ( 𝓋 ) |  q d ϑ +   m 2   ∫ 0 1   ( 1 − ϑ )    | g ′ ( 𝓂 ) |  q d ϑ ]   1  p


  ≤    (  1  p + 1 )   1  p    (  1 2 )   1  q  [     (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ    (     m 1  | g ′ ( 𝓋 ) |  q +   m 2    | g ′ ( ℓ ) |  q )   1  q +     (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ    (   m 1    | g ′ ( 𝓋 ) |  q +   m 2    | g ′ ( 𝓂 ) |  q )   1  q ]


  ≤    (  1  p + 1 )   1  p    (  1 2 )   1  q  [     (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ    (     m 1  | g ′ ( 𝓋 ) |  q +   m 2    | g ′ ( ℓ ) |  q )   1  q +     (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ    (   m 1    | g ′ ( 𝓋 ) |  q +   m 2    | g ′ ( 𝓂 ) |  q )   1  q ]


    m 1


    m 2


    m 1 ,


    m 2


  𝓋 =     m 2 ℓ +   m 2 𝓂 2


   |   ( 2   m 2 𝓂 −   m 1   m 2 ℓ −   m 1   m 2 𝓂 ) g  (   m 2 𝓂 ) + (   m 1   m 2 ℓ +   m 1   m 2 𝓂 − 2   m 2 ℓ ) g  (   m 2 ℓ )  2 ( 𝓂 − ℓ ) −    1  𝓂 − ℓ   ∫    m 2 ℓ    m 2 𝓂  g  ( u ) d u | ≤    (  1  p + 1 )   1  p    (  1 2 )   1  q  1  4 ( 𝓂 − ℓ )  [    (   m 1   m 2 ℓ +   m 1   m 2 𝓂 − 2   m 2 ℓ ) 2    (   m 2    | g ′ ( ℓ ) |  q +     m 1  | g ′  (     m 2 ℓ +   m 2 𝓂 2 ) |  q )   1  q   +      ( 2   m 2 𝓂 −   m 1   m 2 ℓ −   m 1   m 2 𝓂 ) 2  (   m 2    |   g , ( 𝓂 ) |  q +     m 1    | g ′  (     m 2 ℓ +   m 2 𝓂 2 ) |  q )   1  q     ]


    m 1


    m 2


    m 1 ,


    m 2


  ( − ∞ , ∞ )


  ( − ∞ , ∞ )


  ( − ∞ , ∞ )   𝜀     g ′ 𝜖   L [   m 2 ℓ


    m 2 𝓂 ]


    m 1 ,


    m 2 𝓂  


      m 2 ℓ


    m 2 𝓂


    m 2 ℓ


  (   m 1 ,   m 2 )


    m 2 ℓ


    m 2 𝓂


  q ≥ 1


   |    (   m 2 𝓂 −   m 1 𝓋 ) g  (   m 2 𝓂 ) +  (   m 1 𝓋 −   m 2 ℓ ) g (   m 2 ℓ )  𝓂 − ℓ −  1  𝓂 − ℓ   ∫    m 2 ℓ    m 2 𝓂  g  ( u ) d u |


  ≤  1    2   ( 3 )   1  q      [      (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ    (     m 1  | g ′  ( 𝓋 ) |  q + 2   m 2    | g ′  ( ℓ ) |  q )   1  q


  ≤  1    2   ( 3 )   1  q      [      (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ    (     m 1  | g ′  ( 𝓋 ) |  q + 2   m 2    | g ′  ( ℓ ) |  q )   1  q


   +      (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ    (   m 1    | g ′  ( 𝓋 ) |  q + 2   m 2    | g ′  ( 𝓂 ) |  q )   1  q ]


   +      (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ    (   m 1    | g ′  ( 𝓋 ) |  q + 2   m 2    | g ′  ( 𝓂 ) |  q )   1  q ]


  g 𝜖    [   m 2 ℓ ,   m 2 𝓂 ] ,   q =     p  p − 1


  1 ≤


   |    (   m 2 𝓂 −   m 1 𝓋 ) g  (   m 2 𝓂 ) +  (   m 1 𝓋 −   m 2 ℓ ) g (   m 2 ℓ )  𝓂 − ℓ −  1  𝓂 − ℓ   ∫    m 2 ℓ    m 2 𝓂  g  ( u ) d u |


  ≤      (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ   ∫ 0 1   ( 1 − ϑ )  | g ′ (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) ℓ ) | d ϑ +      (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ   ∫ 0 1  ( 1 − ϑ )  | g ′  (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) 𝓂 ) | d ϑ


  ≤        (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ  (   ∫ 0 1   ( 1 − ϑ ) d ϑ )  1 −  1  q    (   ∫ 0 1   ( 1 − ϑ )    | g ′ (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) ℓ ) |  q d ϑ )   1  q


  ≤        (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ  (   ∫ 0 1   ( 1 − ϑ ) d ϑ )  1 −  1  q    (   ∫ 0 1   ( 1 − ϑ )    | g ′ (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) ℓ ) |  q d ϑ )   1  q


  +        (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ  (   ∫ 0 1   ( 1 − ϑ ) d ϑ )  1 −  1  q    (   ∫ 0 1   ( 1 − ϑ )    | g ′ (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) 𝓂 ) |  q d ϑ )   1  q


  +        (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ  (   ∫ 0 1   ( 1 − ϑ ) d ϑ )  1 −  1  q    (   ∫ 0 1   ( 1 − ϑ )    | g ′ (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) 𝓂 ) |  q d ϑ )   1  q


  ∵


  (   m 1 ,   m 2 )


    ∫ 0 1   ( 1 − ϑ )    | g ′ (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) ℓ ) |  q d ϑ


  ≤   ∫ 0 1   ( 1 − ϑ )  [   m 1 ϑ    | g ′  ( 𝓋 ) |  q +   m 2  ( 1 − ϑ )    | g ′  ( ℓ ) |  q ] d ϑ


  ≤   ∫ 0 1   ( 1 − ϑ )  [   m 1 ϑ    | g ′  ( 𝓋 ) |  q +   m 2  ( 1 − ϑ )    | g ′  ( ℓ ) |  q ] d ϑ


  =       m 1  | g ′  ( 𝓋 ) |  q + 2   m 2    | g ′  ( ℓ ) |  q 6


  =       m 1  | g ′  ( 𝓋 ) |  q + 2   m 2    | g ′  ( ℓ ) |  q 6


    ∫ 0 1   ( 1 − ϑ )    | g ′ (   m 1 ϑ 𝓋 +   m 2  ( 1 − ϑ ) 𝓂 ) |  q d ϑ ≤       m 1  | g ′  ( 𝓋 ) |  q + 2   m 2    | g ′  ( 𝓂 ) |  q 6 .


    m 1


    m 2


    m 1 ,


    m 2


  𝓋 =     m 2 ℓ +   m 2 𝓂 2


   |   ( 2   m 2 𝓂 −   m 1   m 2 ℓ −   m 1   m 2 𝓂 ) g  (   m 2 𝓂 ) + (   m 1   m 2 ℓ +   m 1   m 2 𝓂 − 2   m 2 ℓ ) g  (   m 2 ℓ )  2 ( 𝓂 − ℓ ) −    1  𝓂 − ℓ   ∫    m 2 ℓ    m 2 𝓂  g  ( u ) d u |  


  ≤  1    8    ( 3 )   1  q     ( 𝓂 − ℓ )  [      (   m 1   m 2 ℓ +   m 1   m 2 𝓂 − 2   m 2 ℓ ) 2  (   m 1    | g ′  (     m 2 ℓ +   m 2 𝓂 2 ) |  q   + 2   m 2    | g ′  ( ℓ ) |  q )   1  q


  +    ( 2   m 2 𝓂 −   m 1   m 2 ℓ −   m 1   m 2 𝓂 ) 2     (   m 1    | g ′  (     m 2 ℓ +   m 2 𝓂 2 ) |  q + 2   m 2    | g ′  ( 𝓂 ) |  q )   1  q ]


    m 1


    m 2


    m 1 ,


    m 2


    m 2 ℓ


    m 2


    m 2


    m 2


    m 2 𝓂


    m 2 ℓ


      m 2 𝓂


    ∫    m 2 ℓ    m 2 𝓂  g ( u ) d u


 


    m 2 ℓ


      m 2 𝓂


   | R ( g , d ) |


 


    m 2 ℓ


      m 2 𝓂


    m 2


    m 2


   |    (     m 2 𝜃  i + 1 −   m 1 𝓋 ) g  (   m 2   𝜃  i + 1 ) +  (   m 1 𝓋 −   m 2   𝜃  i ) g (   m 2   𝜃  i )   h  i −  1   h  i   ∫      m 2 𝜃  i      m 2 𝜃  i + 1  g  ( u ) d u |


  ≤      (   m 1 𝓋 −   m 2   𝜃  i ) 2   h  i  [     m 1  | g ′ ( 𝓋 ) | + 2   m 2  | g ′  (   𝜃  i ) | 6 ]


         (     m 2 𝜃  i + 1 −   m 1 𝓋 ) 2   h  i  [     m 1  | g ′ ( 𝓋 ) | + 2   m 2  | g ′  (   𝜃  i + 1 ) | 6 ]


   |     ∫    m 2 ℓ    m 2 𝓂  g  ( u ) d u − Q ( g , d ) |


   |   ∑  i = 0  n − 1   [   ∫    m 2   𝜃  i    m 2   𝜃  i + 1  g  ( u ) d u − (  (     m 2 𝜃  i + 1 −   m 1 𝓋 ) g  (   m 2   𝜃  i + 1 ) +  (   m 1 𝓋 −   m 2   𝜃  i ) g (   m 2   𝜃  i ) ) ] |


  ≤   ∑  i = 0  n − 1   |   ∫    m 2   𝜃  i    m 2   𝜃  i + 1  g  ( u ) d u − (  (     m 2 𝜃  i + 1 −   m 1 𝓋 ) g  (   m 2   𝜃  i + 1 ) +  (   m 1 𝓋 −   m 2   𝜃  i ) g (   m 2   𝜃  i ) ) |


  ≤   ∑  i = 0  n − 1     (   m 1 𝓋 −   m 2   𝜃  i ) 2  [     m 1  | g ′ ( 𝓋 ) | + 2   m 2  | g ′  (   𝜃  i ) | 6 ] +   ∑  i = 0  n − 1     (     m 2 𝜃  i + 1 −   m 1 𝓋 ) 2  [     m 1  | g ′ ( 𝓋 ) | + 2   m 2  | g ′  (   𝜃  i + 1 ) | 6 ]


  ℜ


    m 2 ℓ


      m 2 𝓂


    m 2 ℓ


      m 2 𝓂


  𝒢  ( 𝓋 ) = P  ( ℜ ≤ 𝓋 ) =   ∫    m 2 ℓ    m 2 𝓂  g  ( u ) d u


   |    (   m 2 𝓂 −   m 1 𝓋 ) 𝒢  (   m 2 𝓂 ) +  (   m 1 𝓋 −   m 2 ℓ ) 𝒢  (   m 2 ℓ )  𝓂 − ℓ −     m 2 𝓂 − ℰ ( ℜ )  𝓂 − ℓ |


  ≤      (   m 1 𝓋 −   m 2 ℓ ) 2  𝓂 − ℓ  [     m 1  | 𝒢 ′  ( 𝓋 ) | + 2   m 2  | 𝒢 ′  ( ℓ ) | 6 ]


       (   m 2 𝓂 −   m 1 𝓋 ) 2  𝓂 − ℓ  [     m 1  | 𝒢 ′  ( 𝓋 ) | + 2   m 2  | 𝒢 ′  ( 𝓂 ) | 6 ]


    m 2 ℓ


      m 2 𝓂


  ℰ


  ℜ


  ℜ


  𝒢


  ℰ  ( ℜ ) =     ∫    m 2 ℓ    m 2 𝓂  u 𝒢  ( u ) d u =   m 2 𝓂 −   ∫    m 2 ℓ    m 2 𝓂  𝒢  ( u ) d u


  ∵


  𝒢


    m 2 ℓ


  𝒢


    m 2 𝓂


  (   m 1 ,   m 2 )


   o ¨


  (   m 1 ,   m 2 )


  ( 𝛼 ,   m 1 ,   m 2 )


   O ¨

